The pseudospectral method is a high-accuracy numerical modelling technique that requires less computer memory and computation time than the traditional techniques such as the finite-difference method. These advantages of the pseudospectral method have enabled us to practically apply this method to modelling realistic problems that have complex structure and source models. However, a major drawback of such numerical schemes for discrete grid models is that even for rather a simple structural model they require as much computational requirements (e.g. computation time and memory) as for an entirely complex structural model with the same size of the simple one. We actually need to employ idealised simple models, such as a model with geometrical symmetry, to investigate basic phenomena of seismic waves, to develop new techniques, or to choose optimal values of some computational parameters for more complex modelling. In this paper we propose an efficient approach of an economical pseudospectral method for calculation of wavefields in models symmetric with respect to a vertical plane or two orthogonal vertical planes. Using this approach, the wavefields only need to be computed in a half or quarter domain of the models, so that the computer memory and computation time can be reduced ideally by half or quarter, respectively, as compared with the calculation of the entire models.
Introduction
The pseudospectral method (the Fourier method) (e.g., Kosloff et al., 1984; Reshef et al., 1988; is an attractive alternative to numerical modelling schemes such as the finite difference or finite element method. In the pseudospectral method, the field quantities are expanded in the space in terms of Fourier interpolation polynomials. Numerical differentiation in the equations with respect to the spatial coordinates is then implemented via the discrete Fourier transform (the fast Fourier transform). Since no approximation of the spatial derivatives is involved in the differentiation scheme, fewer grid points are required to achieve computational accuracy. The accurate spatial differentiation can reduce computer memory and computation time by several orders of magnitude as compared with other numerical methods such as the finite difference or finite element method (e.g., Fornberg, 1987; Daudt et al., 1989) .
While efficient numerical methods such as the pseudospectral method can simulate the wave propagation in realistic complex structures (e.g., Furumura and Koketsu, 1998) , we also often use rather idealised simple models, such as a model with geometrical symmetry, to investigate basic phenomena of seismic waves, to develop new techniques (e.g., a new non-reflecting boundary condition), to check a new method or new code, or to find optimal values of some computational parameters (e.g., grid size, parameters for absorbing boundary condition) in preparation for more complex modelling. When geometrical symmetry is present in the model, explicit
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use of this symmetry can reduce the computational size to save several factors of magnitude in both computer memory and computation time, because the wavefield need to be calculated only in a subdomain of the model, determined by the type of symmetry, instead of the entire model (e.g., Boore, 1972) .
In this paper we propose an efficient approach of the pseudospectral method for calculation of elastic wavefield in a model where the configuration of medium and source is symmetric with respect to a vertical plane or two orthogonal vertical planes. Throughout this paper we employ a right handed Cartesian coordinate system [x, y, z] with z vertically downwards. We will then consider a model symmetric with respect to the y-z plane or the y-z and x-z planes. In this paper we consider only an isotropic elastic medium, while our approach is also applicable to anisotropic viscoelastic cases.
Pseudospectral Modelling for Elastic Waves
Here we briefly explain the pseudospectral calculation of 3-D elastic waves. The equation of motion is represented as
where [u, v, w] = u are the displacements, [ü,v,ẅ] 
In the pseudospectral method the spatial derivatives in Eqs.
(1) and (3) are calculated analytically in the wavenumber domain by use of the fast Fourier transform (FFT). The FFT for the transform of complex-valued data (i.e., complex-FFT) is often used in the pseudospectral modelling, but such a transformation and the differentiation for originally realvalued data can also be calculated efficiently by use of the real-FFT (e.g., see or the Hartley transform (e.g., see Saatcilar and Ergintav, 1991) .
For the time evaluation, an explicit scheme is used (the wavefield at the next time step is calculated using the current and previous wavefields). For example, the following second-order finite difference time integration scheme is often used:u n+1/2 =u n−1/2 +ü n t,
and
where t is the time increment, andu n+1/2 are the particle velocities at time t = (n + 1/2) t.
Symmetry of Elastic Wavefield
Now we consider elastic wavefield in a model where the configuration of medium and source is symmetric with respect to a vertical plane. For simplicity, we here confine our attention to 2-D P-SV modelling, where the y-coordinate will be suppressed. The cases of 3-D modelling will be outlined in Section 6. Consider a structure model whose medium parameters are symmetric with respect to the plane x = 0 (y-z plane), i.e.
λ, µ and ρ are even functions of x, and the vertical coordinate z has been replaced by the dot '·' to focus on the x-coordinate. Then, the displacement field [u(x, z), w(x, z) ] excited by vertical incidence of a plane wave or source with force system either symmetric or anti-symmetric in the x coordinate, which is distributed symmetrically with respect to the plane x = 0, has the following symmetric or anti-symmetric property: for vertical incidence of a plane P wave, or source with force system symmetric in the x coordinate, such as that for the single force f z and moment tensor components M xx and M zz with all other components being zero,
while for vertical incidence of a plane SV wave, or source with force system anti-symmetric in x, such as that for the single force f x and moment tensor components M xz and M zx with all other components being zero,
where the time dependence of the field quantities has been suppressed in these equations. Equations (7) to (14) show each component of the displacement and its spatial derivatives are even or odd functions of x. Note that differentiation with respect to z mapps odd/even functions of x into odd/even functions of x, while differentiation with respect to x mapps odd/even functions of x into even/odd functions. The stress components σ i j (x, z) (i, j = x or z) then have symmetric or anti-symmetric property with x, as follows:
for vertical incidence of a plane P wave, or source with force system symmetric in x;
for vertical incidence of a plane SV wave, or source with force system anti-symmetric in x. Equations (15) to (20) can be derived from Eqs. (6), (9), (10), (13) and (14) and the relation between the stress and displacement (i.e., Hooke's law). Equations (7) to (20) suggest that the wavefield need to be calculated only in the left half domain x < 0 or the right half domain x > 0 of the model (half-domain modelling) instead of the full domain of the model (full-domain modelling), which reduces the computational size by half in the numerical calculation. In the next section we will describe schemes for calculating spatial derivatives only using the right half domain of the model.
Spatial Differentiation Using the FFT
In the pseudospectral method the spatial differentiation is efficiently calculated at each time step by means of the FFT as follows. For instance, consider the x-differentiation of the x-component of the displacement at the spatially discretised locations, 
is transformed to the wavenumber domain by use of a 1-D FFT. The result is then multiplied by the discrete spatial wavenumbers and the imaginary unit to obtain the derivative in the wavenumber domain and transformed back to the physical domain using an
, and the same process is carried out sequentially with increasing z in the interval of z up to z
This is a usual scheme for the x-differentiation of 2-D field quantities by a 1-D FFT (see for detail, e.g. . Hereafter we call this scheme the normal Fourier differentiation scheme. The z-differentiation can be computed in the similar way using this normal Fourier differentiation scheme.
When u(x, z) is an odd function of x (i.e. Eq. (7)) or even function of x (i.e. Eq. (11)), the values only for the right half domain x > 0 of the model are necessary at each time step of the pseudospectral calculation, because the other half domain (x < 0) can naturally be given by the symmetric and anti-symmetric relations in the wavefield with respect to x = 0. The x-differentiation can then be performed by the following scheme including a usual Fourier differentiation process mentioned above, so that we need little modification on our available pseudospectral codes.
First, u((n + 1/2) x, ·) (n = 0, . . . , N − 1) is copied into the latter half of a work vector of length 2N . The first half of this vector is assigned the values for x < 0 using Eq. (7) or Eq. (11). That is, when u(x, z) is odd in x, the first half of the vector is given the values along Eq. (7) (hereafter called anti-symmetric extension) as:
when u(x, z) is even in x, the first half of the vector is given the values along Eq. (11) (symmetric extension) as:
And a usual Fourier differentiation is then done on this vector. The latter half of the resultant vector is copied into ∂u/∂ x((n + 1/2) x, ·) (n = 0, 1, . . . , N − 1) and the remaining half of the data (n = −N , N + 1, . . . , −1) is abandoned. This Fourier differentiation scheme with symmetric or anti-symmetric extension is applied to calculate the xderivatives appearing in Eqs.
(1) and (3), while z-derivatives are computed by use of the normal Fourier differentiation scheme because of no symmetry in z.
Numerical Example
In order to demonstrate the feasibility of our approach mentioned above, we calculate the wavefield for a simple 2-D semi-cylindrical sedimentary basin in case of SV plane-wave vertical incidence both by full-and half-domain modellings, and then compare their results. The model is depicted in Fig. 1 where a semi-cylindrical basin with radius a = 2.5 km is embedded in a homogeneous half-space. P-, S-wave velocity and density of the basin are 4.0 km/s, 2.0 km/s and 2.0 g/cm 3 , and those of the half-space are 6.9 km/s, 4.0 km/s and 2.6 g/cm 3 , respectively. Input signal is a Ricker wavelet with the central frequency of 1.2 Hz, which implies the wavelength of input wave is equal to the diameter of the basin.
The computational domain for full-domain modelling is 51.2 km long and 12.8 km deep as shown in Fig. 2(a) . Since the geometry of the model and the input plane wave are symmetric about z axis, the wavefield of the right half domain x > 0 (Fig. 2(b) ) can be calculated by half-domain modelling, which can then be extended by the symmetric and anti-symmetric extensions to get the entire wavefield. In this example the relation for the extension is given by Eqs. (11) and (12). In half-domain modelling of this example the x-derivatives are calculated by the above-mentioned Fourier differentiation scheme with the symmetric or anti-symmetric extension as given in Eqs. (11), (12) and (18) to (20), while the z-derivatives are computed by the normal Fourier differentiation scheme.
For both full-and half-domain modellings, we use the grid intervals of 0.1 km in horizontal and vertical dimensions. Figures 2(a) and (b) also show the grid layouts around the basin for full-and half-domain modellings, respectively. For the time evaluation, we employ the second-order finite difference time integration scheme. The time increment of 0.0025 s, and the total number of time steps is 4000, so that the calculated time window is 10 s. The absorbing boundary (Cerjan et al., 1985) of 20 grid size is applied to the bottom of the computational domains to suppress wraparound due to the spatial periodicity implicitly involved in the FFT. The freesurface condition is incorporated in the calculation by adding a number of zeros to the stress components above the free surface prior to their vertical (z) differentiations (Furumura and Takenaka, 1992) , so that the free surface (z = 0) is at the level of a half grid size above the top of the discretised domains of the model (Figs. 2(a), (b) ). Figure 3 shows the synthetic seismograms along the level that is a half grid size below the free surface. Vertical axis x/a is the relative distance of observation stations from the center of the basin: the stations at x/a between −1 and 1 are at the top of the basin and the other stations are at the top of the half-space. Figure 3(a) is the horizontal (u) and vertical (w) components calculated directly by full-domain modelling, while the seismograms in Fig. 3(b) have been calculated for the stations with x/a > 0 by half-domain modelling and then extended by Eqs. (11) and (12) to get the other seismograms (x/a < 0). The direct SV wave, refracted SV and P waves from the basin boundary, reflected SV and P waves from the basin surface, and Rayleigh waves generated at the basin edge are observed to appear at exactly the same time with the same amplitudes in Figs. 3(a) and 3(b) . Figure 4 shows the snapshots of wavefield inside and around the basin at t = 0.5, 1.0 and 3.0 s. The snapshots are represented by the P-wave and SV -wave contributions that are shown in white and black, respectively. Contributions from P and SV waves are calculated from the divergence and curl of the wavefield:
SV :
The extension of these P and SV wavefields obtained by half-domain modelling to the entire domain has been made by Eqs. (13) and (14). Figure 4 (a) is the result directly calculated by full-domain modelling, where the refracted SV wave from the basin boundary, reflected SV and P waves from the surface and the basin-edge generated Rayleigh wave (denoted by "R") can be observed inside the basin. In this example, the number of grid points for full-and halfdomain modellings is 512 × 128 and 256 × 128, respectively, and the total number of time steps are 4000. The computer memory required by full-and half-domain modellings is then 5.72 Mbytes and 2.89 Mbytes, respectively, using singleprecision arithmetic. On a SUN Ultra-1 workstation (Model 140, 143 MHz), the CPU time for half-domain modelling was 269.9 min, while for full-domain modelling was 415.9 min. Half-domain modelling could save the computer memory and CPU time by 50% and 35%, respectively, as compared with full-domain modelling. Such efficiency would be remarkable for larger scale and more complex model which requires much larger computer memory and longer CPU time.
3-D Cases
We now sketch the approach for 3-D cases with symmetry about a vertical plane or two orthogonal vertical planes (y-z and z-x planes) (2-D cases can also be derived from the 3-D cases by setting the derivatives with respect to y to be all zero).
For any model symmetric with respect to a vertical plane, the wavefield only need to be computed in a half domain of the model bounded by the plane (half-domain modelling), instead of the entire domain of the model (full-domain modelling). Furthermore, for any model symmetric with respect to two orthogonal vertical planes, the wavefield only need to be calculated in a quarter domain of the model bounded by the two planes (quarter-domain modelling). We consider a model symmetric with respect to the plane x = 0 (y-z plane) or the plane y = 0 (z-x plane), or the two planes x = 0 and y = 0. For 3-D modelling, 18 spatial derivatives in Eqs.
(1) and (3) are calculated at each time step, among which six z-derivatives, i.e. ∂u/∂z, ∂v/∂z, ∂w/∂z, ∂σ zx /∂z, ∂σ yz /∂z, ∂σ zz /∂z, are computed by the normal Fourier differentiation scheme, while 12 derivatives with respect to the horizontal coordinates (horizontal derivatives) in the equations can be calculated by the Fourier differentiation scheme with symmetric or anti-symmetric extension or the normal Fourier differentiation scheme, chosen by the type of symmetry of the configuration. Table 1 shows the scheme to be chosen for calculating each horizontal derivative of each of the following eight cases of symmetric configurations specified by the types of medium symmetry and incident wave or force system of source, where we have assumed the source is distributed symmetrically with respect to the planes of symmetry: Case 1-(a), where the medium parameters are symmetric with respect to the plane x = 0, i.e.
and the wavefield is excited by vertical incidence of a plane P-wave, or a vertically incident plane S-wave oscillating in the y-direction, or source with force system symmetric in the 
When the schemes along Table 1 can be used for a 3-D modelling, for Cases 1-(a)(b) and Cases 2-(a)(b) we can do a half-domain modelling (using the half domain x > 0 for Cases 1-(a)(b), y > 0 for Cases 2-(a)(b)), which can reduce the required computer memory and computation time ideally by half as compared with the full-domain modelling. Further, for Cases 3-(a)(b)(c)(d) we can do a quarter-domain modelling (using the quarter domain x > 0, y > 0), which can reduce the memory and computation time ideally by quarter as compared with the full-domain modelling. In case of a general force system of single force and moment tensor source, we might have to perform two independent computations corresponding to Cases 1-(a) and (b) or Cases 2-(a) and (b), or two to four independent calculations corresponding to Cases 3-(a) and/or (b) and/or (c) and/or (d), to calculate their linear combination. Then the computer memory can still be reduced by half or quarter as compared with the full-domain modelling, while the computation time might not be saved.
Conclusion
We have presented an efficient approach of the pseudospectral method for calculation of wavefields in models symmetric with respect to a vertical plane or two orthogonal vertical planes. Using this approach, the wavefields only need to be computed in a half or quarter domain of the models, so that the computer memory and computation time can be reduced ideally by half or quarter, respectively, as compared with the calculation of the entire models.
